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ABSTRACT 
The assumption is made that the concept of a covariant coordinate 
system is meaningful and that such a system must satisfy the differential 
equations 


a) dx a 


i ~ 544 
where the Bij are the components of the metric tensor in the correspond- 
ing contravarient system, 

Using this system it is shown that the derivatives of tensors by 
these new variables are just those quantities that would result from the 
raising of indices in the derivatives by the corresponding contravariant 
variables. 


The requirement that the equations a) be solvable for 2 set of co- 


variant variables Xi» namely 


b) Gi; = eye , 
a ae er 


produces a radical change in the nature of the Christoffel symbols, 
making them triply symetric. The equations b) also permit a new physi- 
cal interpretation of the symbols of the second kind as a direct dual of 


the symbols of the first kind, 
c) [ijk] = 4 Sani and 


d) iE}es tapy . 
J a ou 
This dualism is applied to the usual expression for the LaPlacean of 
a function and the resulting symetry noted. 


several approaches are made to apply the above results to the Riemann- 


Christoffel tensor. The expression for this tensor is simplified in form 


bs 





by the use of c) and d). It is noted that the Riemann-Christoffel 
tensor is now a first order set of non-linear differential equations 
in the B44? however the solution appears to be just as difficult. In 
particular, the method of solution of the Einstein Field Equations by 
assuming a linear approximation for the Bi; can no longer be applied 
with any degree of simplicity. 

The simplification of the form of the Riemann-Christoffel tensor 
does not alter the number of independent components of this tensor, nor 
does it change the nature of the various contractions of this tensor, 
These conclusions are reached by direct calculation of the twenty com- 
ponents and by the application of some elements of group representation 
theory following a technique used by D. E. Littlewood. 

The author wishes to express his appreciation for the assistance and 


encouragement given him in this investigation by Professor Charles C, 


Torrance of the U. S. Naval Postgraduate School. 
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I. Introduction 

This paper is the result of an attempt to make the dualism in 
modern tensor theory a bit more complete. It is also an attempt to 
make some of the artificial definitions and strategems which are present- 
ly employed in this dualism less artificial. The starting point for this 
paper is to impose a dualism on one of the simplest of the tensors of rank 
one, the differential axe of the coordinate variable ce 


Let us define the quantities x, by the set of differential equations 


i 
= L 

1) dx. 85 dx”, 

The requirement that the x. be interpretable as coordinates is the re- 

quirement that the equations 1) be completely integrable, so that a 


unique solution exists. By applying the usual argument of calculus, 


this is equivalent to satisfying the set of equations 


Of = Og in 
On 0 42 


for all i, j, k. It is also trivially evident that 1) implies 


DK« 
3) ——= — —- Ha 
Arad $F | 


If the x; are to be coordinates, then the x, are unigue functions 


of the x7 such that 


= j 
xy x, (x a 
If these are functions, then the inverse equations 
4) aa = x(x) 


must exist almost everywhere, so that 


a 
5) tee = O4 





rabiee eg 
oy, j 


1 
















———_ 7 
EE —_— saa = 





— i) ae * = ag “ae 
Ll * t om 
——— cm ei mma 


. ea ea « '@e —- — «| oes 
—_ ~¢gmeeha@e & = ce : ee Cee See | 
; > — a a es | be 


a NG: ,°® = he =, 


= - cme -) —— (en & 
en? = ea — — > 

a a a? 

a ‘ie = <—— ee 


®= 











But from 1) 





ij ij k 
g dx, = 2 Bo. dx 
rd 
= a ea 
Thus ead dx, = dx, 
Hence 
J o 6 
6) ox =" ged Cs 
JY; 


Formulas 3) and 6) constitute an important dualism, and give a 
physical significance to gtd which is lacking when only a contravariant 
coordinate system is assumed. 


It is perhaps important at this point to note that a distinction 


must be made as to which coordinate system the Bi and the gid refer. 


1 7 J 
Since g J is a tensor of the second order, its representation in a new 


coordinate system under a change of coordinates is, by definition, 


oe & f 
f e . ae i & £ 
nil a! 4. oo 7 
- & 


p32 poet —i — che 


€ SaaS 
Le © e ca / 
/ ee” Oe 


j 


So let us apply this rule to calculation of the g. » given in the contra- 


variant system, as it would appear in the covariant system, 


ap | e eae 
7) Ci own Chen : £ Fs Lace c? sd e 
fs f i \.3 
if ce rae od 


td 


In other words, the tensor gtd in the contravariant system would appear 


as Likewise one can show that the dual of Bij in the contra- 


Bu @ ° 
& 


er 
variant system is g - So in future calculations, the coordinate system 
in which the g's are given will be the contravariant system unless other- 


wise noted. 
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II, The dualism in Section I has an effect on the derivatives of tensors, 
both with respect to the contravariant and the covariant coordinates. 


Harris [1] has shown that if p is a tensor of order zero, then 


ah Tod ¢ 
8) ———-= GQ ——,, 
a4; o4? 


Pi j 
and that if Ve = Bij V~, then 


dD Vex y d V.. 
9 — ll i 





where the a are the components of the metric tensor in terms of the 
contravariant variable, as discussed in Section I. 

Using these it is our purpose to show in this section that there is 
a contravariant derivative, which is a tensor, and that this derivative 


is simply related to the covariant derivative. We will show that 


a | _ 
10) ya a 
ax J UKAS 


is the contravariant derivative, In the next section we show that this 
expression simplifies slightly by expressing the Christoffel symbols in 


terms of the covariant coordinates. 
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Thus the expression ie ~ T ? 1, ‘ transforms as 
Jf 
a tensor of second order, so that 10) is a logical form to be the contra- 


variant derivative. 


Notice that 10) can be simplified as follows: 


= : ; ; . 7 
a oaks ic | 





ou” 34; LkAJ 
om ay le a Komen O } 
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1a 
a ie 
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> 
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13 
on) 
ne 
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Pe oa 
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Thus 
eo en Ge. ae 
it) 5 — J qT wal 


This is consistant with the notation introduced by Ricci and Levi-Civita 


[2] Demo l. 
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IIf. The complexity of the Christoffel symbols is greatly reduced by the 
requirements: 


a) the Bj be symmetric 


») Se = Spe 
I¢ a] 


According to the conventional formulae, 


(i j, kJ = 3 (Sa + 29s 4 ~ 24:4) 


ove ik 


feb ot L 5k, nm]. 


But applying 2) to the above we see that 


12° 


13) [sets] => Sus 


But 2) and 12) imply that 


£ jee ft Seen [es i] 
and combining this with requirement a) the conclusion is reached that the 
Christoffel symbols of the first kind are triply symmetric; ie: 
14) [i j, k] = fj i, k] =[k J, i | ee fk 2,03] =(j k, i | =|i k, il 
It would follow from their definition that the Christoffel symbols 
of the second kind are also triply symmetric, but a more important con- 


clusion can be reached about the nature of these symbols. Let us investi- 


gate 
AR | Me re ee Os aa: Ooc!. hi 
q° 3 ca ees oe a te {- 
z é yi dé ok” / ij 


By virtue of 2), a) above, and 6) 


la j= 29" ope 





= / rd 4k a) oc? PY “i 
2g Es gm 
2 ee) dee, 

“ Jes aa 
el ae 
wv .- 
e Ik, 


Thus we see that for this dual coordinate system the Christoffel 


symbol of the second kind becomes an exact dual of the symbol of 


the first kind , 


aw! iE 
= txp =e Spe 





IV. The following result was originally pointed out to the author by 
Professor Charles C. Torrance, 


It is well known that the LaPlacean of a function is given by 


oe % - - | 
16) je ip com tex, fe, - (Vv: 3 as J f e g ) 
v i aa a aX qt 3 j 


a 
To anyone familiar with the tensor notation, it is obvious, since Od 


is an invariant, that some contravariant, second order tensor must be 


j 


present on the right-hand side. The choice of a » to be present inside 
the parenthesis, is quite logical from a physical consideration of Wid 
as div( grad fH). However, this expression lacks a symmetry which might 
be considered desirable, 


With the introduction of the covariant coordinate system the ex- 


pression for the LaPlacean can be written 


17) Vg = te S2("F $£) 


bs “a dag 
iy Aes df == 
since GQ —+— = —t- (see }1/p. 4). 


It has come to the author's attention that this idea is quit’ similar 
in form to the expression used by some others when discussing the concept 


of conjugate coordinates in complex analysis, 





Vv. It is quite natural to see what are the consequences of this dual- 


istic coordinate system on the Riemann-Christoffel curvature tensor 


‘3 
i 


este 


i 


sai Riel” ea [ ex, i) - <i ¢, 4] 


EIA ~ CILEA + 


Applying our results 12) au) £3) 
Ba ge S| eae | 
a -* ° ‘ine a 


+ — Sa) ys: 


Thus, if the Bij are of class C2, 


ce? rye = Lab leeel— (Aro) - 


A series of calculations similar to those in Eisenhart [2]p. | 








& 
= FO a sb he ye ef 
mat 3% fy & 


shows that the Riemann-Christoffel tensor as given by 19) satisfies the 


following symmetry equations: 


a Figen eee 


20) b) yk + Bite + Sete = 0 


SUES ies fa 


These equations 20) are those which the Riemann-Christoffel tensor 
normally satisfy (see [2] p. 21). As a consequence there are at most 


2 
n ( Ae - 1)/12 independent components of this tensor. 





By writing out the 20 distinct components of the tensor for the 
case n = 4, and comparing these terms, it is apparent that there are 
no further linear relations among the twenty distinct components. 

Thus, dispite the symmetry of the Christoffel symbols themselves, there 
is no further symmetry among the components of the Riemann-Christof fel 
tensor, 

It is interesting, and perhaps encouraging, to note that, regarding 
the Riemann-Christoffel tensor components as a system of differential 
equations for the Bi 5° these equations are reduced from second order 
equations to first order equations in the Bi" However, as will be 
noted in the next section, the extreme non-linearity of these equations 


still presents a formidable barrier to their solution. 


10 
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VI. One interesting result of the preceeding section is obtained by 
applying the results to a problem spelled out in Bergmann / 3/. He 


takes the Einstein Generali Field equations in the form 


and attempts a solution by assuming that each g , can be written as 
a MacLaurin series in a constant A , and that all but the first two 
terms can be ignored. As is shown below, our results cancel out the 
advantages of this method. 


5 oo - 4, 
Gh ps Ree Z 


where the comma indicates partial differentiation. 


Bergmann [3] p. 182 assumes 


a ck. 
& ev’ = & yo = A h ee oF KK h é qr oao0n00o0e8 


where few is the metric for Minkowski space and the h‘s are variables. 


a” pr yk + 4 
He defines a = E po ‘ h NE Ee " Uta ¢ 





} $ COT FV Oe ag 


and is neglected in comparison to the preceeding terms due to the A a 


Thus, in the first approximation, Grey reduces to 


e i j Z 
G i Sane Aw _ . . = —w ff bee | 
fhe PA ‘ h t ¢ prey ‘) J t Tp a piv, ar { ss o, ! 
7 PY a = { : 
, . Sq yo P 
— & a : ce - i> 2» —— a Se. acemete- Fy : Be - } ha) ae) @ 
> wae Porno Daere Hh pwnn t Bas, 2 | 


But, if covariant coordinates exist, then the terms used to obtain these 


linearized expressions vanish identically, and 


= Vi rb § - ¢ 
22) Gs 3% 88 1 5 Site 
r f 


2 =” aie s | - ie att meng . 
It should be noted that 22) are first order differential equations, 
though strictly non-linear, whereas the preceeding are second order, 
linear equations. 
Since Bergmann's epproximations lead to a known result, when the 
resultant equations are solved, then if our results are to be compat- 
ible, the non-linear terms would have to contribute approximately the 


same as the linear terms used by Bergmann. I have been unable to con- 


firm or refute this due to the complexity of 22). 


12 





VII. Littlewood [ 4 | discusses some connections between tensors and group 
characters. In particular, he states (p. 128) that the Riemann-Christ- 
offel tensor is of a type whose group character has a Schur function 2° F 
Because of the orthogonality of the Schur functions this function can be 
reduced to the sum of three functions, 

23) 1o2y ee ee [ o}. 
Since the Riemann-Christoffel tensor can be represented by this function, 
it too can be reduced to three components, which Littlewood identifies as 


the conformal curvature tensor, the Ricci tensor G. » and the scalar curva- 


j 
ture. 

Since Littlewood gave no proof in [4] that the Riemann-Christoffel 
tensor is of the type given, the author undertook to construct such a proof 
and to determine whether the assumption of a covariant coordinate system, 
and its effect on the form of the Riemann-Christoffel tensor, would alter 
these results. The major calculations of this proof are given in Appendix 
A, and the major steps of the analysis are below. 

Littlewood considers the group of permutations of n symbols, and from 
these forms a Frobenius algebra by taking the idempotent linear combinations 
of these permutations. In Appendix A these idempotent combinations are 
given explicitly for the case n = 4, and it is demonstrated that each of the 
elements of the group of permutations can be written explicitly in terms 
of the elements of the Frobenius algebra. 

Since linear combinations of a tensor are still elements of a tensor, 


it follows that the linear combinations of the Riemann-Christoffel tensor 


corresponding to the elements of the Frobenius algebra are still components 


13 





of a fourth order tensor. A simple such example is the separation of 


an arbitrary second order tensor b into a symmetric and an anti- 


ij 


symmetric tensor 


by = 1/2 (>, + ba) + U2 (by, - bss | , 

Littlewood has shown | 6 { that by taking a tensor of rank r and the 
Frobenius algebra of the permutation of r symbols, then corresponding 
to each irreducible idempotent subalgebra of the algebra, there is a 
subtensor of the original tensor. The number of independent terms of 
the subtensor is directly calculatable from the group character of the 
subalgebra. Corresponding to each permutation of the r symbols there 
is a Schur function| 5 | , which function is the same for each member of 
a partion or class. Thus for the permutation of four symbols there are 
five distinct Schur functions, By use of the orthogonality properties 
of these functions reduction of the subtensors above can be made. 

In appendix A the corresponding subtensors of Sate) are exhibited. 
By application of equations 20) it is shown that all of the subtensors 
are identically zero, except that corresponding to the partition whose 
Schur function is f27f , which partition has 20 independent components. 
Since only equations 20) were used in arriving at this reduction, then 
our form of the Riemann-Christoffel tensor has this same representation 


and likewise is reducible to the three components according to 23). Thus 


this property is not altered by the covariant coordinate system. 


14 





VIII. Some further investigation which have occurred to the author but 
which he has not attempted are the following: 

(a) In any book on Riemannian geometry several special types of 
Spaces, such as Einstein spaces, recurrent spaces, spaces of constant 
curvature, and symmetric space, are discussed. (See Wilmore p. 236-239). 
Is a space which admits a covariant coordinate system one of these special 
spaces? 

(b) With the indicated duality, might it not be profitable to define 


ij | 
a symbol such as [ k in some manner analogous to | - =[k, | 9 


In particular, this might enable one to give direct meaning to a Riemann- 
Christoffel tensor ae from which the Ricci tensor and the scalar 
curvature are directly obtainable by contraction. 

(c) What effect does the triple symmetry of the Christoffel symbols 


have on the concept of distinct parallelism? 
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APPENDIX A 
Consider the group of permutations on four elements, -’ , | , 


4 3 and write the five possible classes as follows; 


Cm («SAX vyis) 


Oo 
C = («6 ) + (xe) (ey) + {&d) + (4 V) ely 
C4 = (By) a ae (x y J) “$- (c< oa) ps (4 ry} -¢° ( x the ff te a 


r(ady) + (od) 
C, = (bse) + (xd yA) + (KOO ¥) + (ad 3) + (xxad) +(xtar) 
C, = {aAllyS) +(ax)(Bo) + (ad) (py) « 
Construct an algebra with five elements as follows; 
let x and v be matrices of rank 1, z be a matrix of rank 2, and wu and y 
be matrices of rank 3 whose components are given below, 
x= s-[e,+¢,+C,+¢,+6¢,| 
; . 
Vs Saale Cc) + Co C, + C, | 
Zz 2 | 0.4 C. — (Kp yY) —(«xd) = (K¢ r) _ {ac x) om (eum A 73} Pag ape ( & } 
~ (4 J 4r) = (x vee) (abso) + (eval 
— l [ a. Ss Cs fey fs JS) (yA) a {os yl~(¢ VL VP keey ely Tl = (ee) =f 


i 


q 


i 
+ 


tind ps) + (Aspe) —(aase) = (6d YB) | 
12 erie §)+ (pz) -lex)~ (85) 4 (ed 0) 4 (ex Mp) (rs F) = lod y 6) 


decay) + (ar) + (ep) + (BEY) — Gord 1 farplevew lowe f 


21 wt (ec) + (BY) -(ap)— (yd) + (a OW) hey 45) iene 
(x69) (hyd —(ndQ)— (Por) + ada) les s)elow el sie) 
Yu Be [ee eles) + Cyd )—(edprp~leyde ) eh<ayw | 
~ (ar (A") -(as ay) 
16 





wo [ Cy Flux) HeSV— (a9 5) —(ad vp) + [KYM AE) 
(xalyS) —< (xd) (é r) | 


aan Cy Ele dT) H(A) -(xb Sy) -(xy Ss) #( «d)( By) 


—(«6) (rd) -(arac)] 


- t[lasr)- (Ard) —(xd8) + (ady) —(«4) +1 Ax) -(xvte) +(« ady) | 


1 [(<05) + ley) —(xdy) ~( Ord) + (aa) ~ (vd) + (arAad)- ba siox) | 


= B| (Aa) ~ (a 9p) -(4 Sy) (Ard) — (ax) + (po) —-(«d¥6) + 4 rS)J 
ay [dapr)~ (art) + (aS B)—(BS¥) + (a8) - (YS) - (xve5) Hacer) 


=f («e2) — (xx) tlktr)—( BS) + (ad)— (Ar) + (apds) - (a ya) 


=i-[(«6r) Hlard) - (x sa )— (6° ¥) - («>) -(f 5) + (xr) — (x ra) f 
=“ Co — (xe) —(5d) + (x Sar) tlares Y) + (aaylrd) 
(ax S)px) ~( <r) (eo) J 


es1 Ce -(xr)- (BS) +(e ard) t la Tye) +lar)(AS) 
—~(aa)(xd) —- (ac (ar)| 


ae ~(«d) - (ar) tlapdr)+(ard ea) t(«d)(er) 
—(xa)( xd) ~(«r) (oe) [ 
“ake («¥8) tlady)~(6r0) —(«d) “t (>) = (« HT y) +(art3)] 


a2] (a ar) Hrs) -(Are=( edb) —(« ¥) t(O5) — (x Brd) (ad yp) | 
=| («gs) —(xyS)—(xde) +( e438) + (ud) —(By) tar 5b)—(xady) | 
= [(«8°) + (x6) —(« J¥) —(@rdk) — (xa) +(d¥) —(«ypd) + (<6) | 


at («62) = (« ¥6)— (« Sx) +(e vd) tay) — (BE) + (4 516) =(x avd) | 
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"32 “ole pr)—(Av.')+ (4&0) —(05¥)-(x0) + (¥d)- dav) + lave) | 


kom * = k= 
and define z 241 + 299) Y¥ = ¥11 + Yoo + ¥3q, and u*¥ =u, + wy + 


u With these definitions of the elements of the algebra, and defin- 


33° 
ing multiplication of two elements to be successive application of the 
permutations, it is an easy matter to verify the following products: 
: = xX; v = V; zx? = 2%; yx = y*; ux? = ux; 


XV = vx = 0: 


ij = xs = ME = =i = Yi 4% Lj 


a 
G 
ms 
it 
© 


XZ 


vz, Vay = vu, = bray ae AS aia wy 
eye 12°228 8 12°) 722F mm 221-11 eee 
Y11712 * %12%22 * %¥12* Yoo%o, * Yo1%11 * Ya1? 
713733. 912713 ~ 713° 317 pae*?"33 7317, 731° 


423733 * %22723 * Y23° %32%22 * 433732 = ¥32? 


Vivir * %11? %22%22 * Ya2' %337%33 = 733? 
Yiu = 0 otherwise; 

My ag at ag” “2g? “st ei? 

es ict = 0 otherwise; 

Bile 14°KT ee amen Sree ee 
ject * 14) ke 


Thus these elements form an idempotent algebra. Each of the permuta- 
tions in the original group may be written in terms of the elements of 
the algebra as given below. It is noted that for each member of a given 
class Cc. the trace of each of the matrices in the expressions below is 
the same. The set of traces is called the group character of the class 


and is set up in the following table. 
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>| . Cy Cy Cc, C,, 
af 
element f function 
ag 


The linear combinations of components of the Riemann-Christoffel 
tensor corresponding to the elements x, y, u, and v can be shown to 
all be identically zero as follows: 


xao-[C +C,4+C,+C, + C, 


leet ijkl © jak) jl ae cent en 


Oe ag “ayin * Syaice meen ee see 
wR aia 
ee lL kin ee a” eee 
Oa Reta * Rena * Bangs. 
Applying the identities 20) (a) and (c) we get: 


OY ikl “iikh “itgke  iejlemeeeie Als 


Simei eas ite ral) uci > Seabee 
Riagk * Fiage 


O37 Sige Tig “tna tk de jd 
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Thus sn [c, +c, +0, +€,+C,|= 0 
/ 
And v=s~ [C, -C,+C,-C,+¢, | 


a a | 7 
say UBRs sy + BRanay + BRir gd 
But, applying identity 20) (c) we get 
v2=0- 


f r { ) ; y ¢4 <~ ‘oe ‘ 
And Yu a + (a Bde (yS)—(ad (oy) (es yad )y (ecb )E oO Jebe y fe ie fod Nea] 
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es yna*  yikig P ieee ae 1 eet 


Ripe “Raga 7% 
In a like manner all the elements of y and u can be shown to be Zero, 
Now consider the components of z. 
24) MeL Cot Ca— lx os) ~ (a 0 8)— (0.55) ~ Cp) 2) 8) 
tar) (6S) —(acsy) —(«vad) + | Sas thd es) | 


/ 


“ee BAe “4Reeny Reger Zerg Reger ~7Rargted 
ag Lae tom “AR ry / 
Ri jkl (by equation 20 b). 
Likewise it can be shown that all the other elements of z are non- 
zero, Since only equations 20) have been used in these results, 


any fourth order tensor satisfying equations 20) will reduce all 


components of this Frobenius algebra except z to zero. 
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